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ABSTRACT. Decomposition of the free rigid body Hamiltonian into a “main problem” and a pertur-
bation term provides an efficient integration scheme that avoids the use of elliptic functions and integrals.
In the case of short-axis-mode rotation, it is shown that the use of complex variables converts the inte-
gration of the torque-free motion by perturbations into a simple exercise of polynomial algebra that can
also accommodate the gravity-gradient perturbation when the rigid body rotation is close enough to the
axis of maximum inertia.
1. INTRODUCTION
The rotation of a rigid body in the absence of external torques is known to be integrable [15, 6]. How-
ever, because the solution depends on elliptical integrals and elliptic functions, in practical applications
the closed form solution is customarily replaced by corresponding expansions in trigonometric functions
truncated to some order. In particular, useful expansions by Kinoshita apply when either the triaxiality of
the rigid body is small [9] or the rotation is close to either the axis of maximum or minimum momentum
of inertia [10] —the order of these expansions was later extended by other authors [14]. Alternatively, the
expansions in trigonometric functions of the solution of the free rigid body can be directly constructed
using perturbation theory [4, 12], an approach that systematizes the computation of higher orders of the
expansions and eases the construction of perturbation solutions in the presence of external torques [13].
Perturbation approaches to the torque-free motion of a rigid body start from the decomposition of
the free rigid body Hamiltonian in Andoyer variables into a “main problem” and a perturbation term.
When the triaxiality is small, the selection of either the axisymmetric case or the spherical rotor as the
main problem results in a zeroth order Hamiltonian that only depends on momenta of the canonical set of
Andoyer variables, which, therefore, are directly action-angle variables, a fact that simplifies application
of the perturbation method [4]. On the contrary, in the case of short-axis-mode (SAM) rotation, the main
problem involves the same Andoyer variables as the free rigid body problem, which include coordinates as
well as their conjugate momenta, and, in consequence, are not action-angle variables of the zeroth order
Hamiltonian. Therefore, in order to set up an efficient perturbative integration scheme, a preliminary
complete reduction of the main problem of SAM rotation in action-angle variables, which is achieved
solving the Hamilton-Jacobi equation, is required [12].
On the other hand, it will be shown that the perturbative arrangement of the free rigid body Hamilto-
nian in the case of SAM rotation is immediately disclosed when using non-singular variables of Poincare´
type [8]. In these variables, the free rigid body Hamiltonian takes the form of the Hamiltonian of the
simple harmonic oscillator disturbed by additional quartic polynomial terms. A following transformation
to complex variables converts the integration of the free rigid body Hamiltonian by perturbations into a
simple exercise of polynomial algebra. The polynomial structure of the perturbation is not preserved, in
general, when perturbation torques are taken into account. However, when the rotation is close enough
to the axis of maxima inertia, it is shown that the gravity-gradient perturbation can be easily tackled
within the same perturbative scheme.
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2. PERTURBATIVE ARRANGEMENT
Andoyer’s [1] arrangement of the rigid body Hamiltonian is
H0 = M
2
2C
[
1 + α
(
1− N
2
M2
)
− αβ
(
1− N
2
M2
)
cos 2ν
]
, (1)
where (λ, µ, ν,Λ,M,N) are the usual Andoyer variables defining the node of the invariable plane on
the inertial x, y plane, the node of the equatorial plane of the rigid body on the invariable plane, the
component of the rotation of the body around its axis of maximum inertia, the projection of the total
angular momentum along the inertial z axis, the total angular momentum, and its projection along the
body axis of maximum inertia, respectively. The relations
α (1 + β) =
C
A
− 1, α (1− β) = C
B
− 1, (2)
define the physical parameters α and β as a function of the principal moments of inertia A ≤ B ≤ C.
When the triaxiality coefficient β is small, Eq. (1) admits a perturbative arrangement in which the
zeroth order term corresponds to an axisymmetric body, whose Hamiltonian is completely reduced, and
the perturbation, which is due to the triaxiality, depends on the angle ν. This perturbative arrangement
eases the computation of a perturbation solution in trigonometric functions that matches Kinoshita’s [9]
series expansion of the closed form solution in powers of β [4], and can be easily extended to any order
of β.
An alternative perturbative arrangement has been recently proposed for rigid bodies rotating close
to its axis of maximum inertia, irrespective of its triaxiality [12]. In that case N ≈ M and, therefore,
1
2
(1 − N/M) = sin2 1
2
J ≪ 1, where J is the inclination angle between the invariable plane and the
equatorial plane of the rigid body, a fact that motivates reorganization of Eq. (1) in the form
H0 =M+ εP , (3)
where
M = M
2
2C
[
1 + 2α
(
1− N
M
)
(1− β cos 2ν)
]
, (4)
is taken as the integrable part, ε is a formal small parameter, and
P = −M
2
2C
α
(
1− N
M
)2
(1− β cos 2ν) , (5)
is a perturbation |P| ≪ M.
Now, the zeroth order Hamiltonian (4), which has been dubbed as the main problem of SAM rotation,
involves the same variables as the free rigid body Hamiltonian (1). For a perturbation approach, the
Hamiltonian is customarily reformulated in new action-angle variables such that the zeroth-order term
is completely reduced to a function of only the new momenta. The complete reduction of Eq. (4), which
was achieved in [12] by solving the Hamilton-Jacobi equation in the style of [3], becomes trivial when
using non-singular variables.
Andoyer variables are singular forN = M , a case in which ν is not defined. However, this singularity is
virtual [7], and is easily avoided using non-singular variables of the Poincare´ type [8]. Thus, the canonical
transformation
x = −
√
2(M −N) sin ν, (6)
X =
√
2(M −N) cos ν, (7)
y = µ+ ν, (8)
Y = M, (9)
converts Eq. (4) into
M = Y
2
2C
+
Y
C
α(1− β)1
2
(
X2 + ω2x2
)
, (10)
with
ω =
√
1 + β
1− β , β =
ω2 − 1
ω2 + 1
. (11)
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One easily recognizes in Eq. (10) the Hamiltonian of a harmonic oscillator of (non-dimensional) fre-
quency ω, and it is well known that the Poincare´ transformation (ℓ, L, ω) −→ (x,X) given by
x =
√
2L/ω sin ℓ, X =
√
2ω L cos ℓ, (12)
completely reduces this Hamiltonian to a function of only the momentum L. In this way —formulation
of the main problem Hamiltonian in the nonsingular variables in Eqs. (6)–(9) followed by the Poincare´
transformation in Eq. (12)— the computation of the action-angle variables of the main problem of the
SAM rotation carried out in [12] is dramatically abridged.
On the other hand, the use of action-angle variables, while customary, is not a requirement in per-
turbation theory. Indeed, in view of Eq. (5) takes the form of a quartic polynomial in the nonsingular
variables of Eq. (6)–(9), viz.
P = − α
8C
[
(1 + β)x4 + 2x2X2 + (1 − β)X4] , (13)
the perturbation solution can be directly constructed in Cartesian variables. Moreover, it is known that
the use of complex variables makes the procedure very efficient [11, 5].
3. PERTURBATION SOLUTION IN COMPLEX VARIABLES
If the transformation
x =
1√
2ω
(u− iU), X =
√
ω
2
(U − iu), y = √γ v, Y = 1√
γ
V, (14)
where i =
√−1 and
γ = α
√
1− β2 =
√(
C
A
− 1
)(
C
B
− 1
)
,
which is canonical, is now performed, Eq. (10) is rewritten in the real (v, V ) and complex (u, U) variables
in the form
M = V
2
2Cγ
− V
√
γ
C
iuU, (15)
whereas Eq. (13) takes the form
P = α
4C
[
2u2U2 − iβ (u3U − uU3)] . (16)
The Lie derivative LM associated to Eq. (15), is given by the Poisson bracket operator LM = { ;M},
viz.
LM =
√
γ
C
[
V i
(
U
∂
∂U
− u ∂
∂u
)
+
(
V
γ3/2
+ iuU
)
∂
∂v
]
, (17)
and the partial differential equation LM(Wn) = M˜n − M0,n must be solved at each order n of the
perturbation theory to compute the corresponding term Wn of the generating function. Terms M˜n are
known from previous computations whereas terms M0,n are chosen to pertain to the kernel of the Lie
derivative, viz. LM(Wn) = 0 (see [2] for details).
However, because Eq. (16) does not depend on v, when dealing with the torque free motion as a
perturbation problem one can assume that the generating function is independent of v. Hence,
LM =
√
γ
C
V i
(
U
∂
∂U
− u ∂
∂u
)
. (18)
Then, for any integers j ≥ 0 and k ≥ 0,
LM(uj Uk) =
√
γ
C
V i(k − j)ujUk,
and, therefore, LM(uj Uk) = 0 requires that j = k. That is, the kernel of the Lie operator is composed
of monomials of the form (uU)j, whereas all other monomials uj Uk, j 6= k, pertain to the image.
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Therefore, the solution of the homological equation becomes trivial in complex variables. Indeed, any
monomial qj,ku
j Uk, j 6= k, where qj,k is a numeric coefficient, contributes a term
i
C√
γ
qj,k
(j − k)V u
jUk,
to the generating function.
The procedure starts from writing the free rigid body Hamiltonian like the Taylor series expansion
H0 =
∑
n≥0
εn
n!
Hn,0(u, U),
where H0,0 ≡ M as given in Eq. (15), H1,0 ≡ P as given by Eq. (16), and Hn,0 = 0 for n ≥ 2.
Straightforward computations lead to the normalized Hamiltonian, in new, prime variables
K =
√
γ
2C
V 2
 1
γ3/2
+
∑
n≥0
αn
γn/2
pn
(
u′U ′
V
)n+1 ,
where pn are polynomials in the triaxiality coefficient β. The first few triaxiality polynomials are p0 = −2i,
p1 = 1, p2 =
1
2
β2, p3 =
5
8
β2, and
p4 =
3
32
β2
(
3β2 + 8
)
p5 =
7
32
β2
(
5β2 + 4
)
p6 =
1
128
β2
(
45β4 + 354β2 + 128
)
p7 =
9
1024
β2
(
265β4 + 650β2 + 128
)
p8 =
5
8192
β2
(
953β6 + 14888β4 + 17120β2 + 2048
)
p9 =
11
8192
β2
(
4075β6 + 20212β4 + 13104β2 + 1024
)
which, as expected, are the same as those in Table 2 of [12] after adjusting subindices and scaling by β2.
The transformation from prime to original variables
u = u′ +
∑
n≥1
εn
n!
u0,n(u
′, U ′), U = U ′ +
∑
n≥1
εn
n!
U0,n(u
′, U ′),
is obtained by successive evaluations of Deprit’s triangle
fn,q = fn+1,q−1 +
∑
0≤m≤n
(
n
m
)
{fn−m,q−1;Sm+1}, (19)
using the generating function S =∑m≥0(εm/m!)Sm+1 where
Sm =
(m− 1)!αm
γm/2V m
β
(
u2 + U2
)
sm
and the first few sm are
s1 =
i
8
uU,
s2 =
i
4
u2U2,
s3 =
1
64
[
24i
(
β2 + 2
)
uU + 5β(U2 − u2)] u2U2,
s4 =
3
64
[
2i
(
57β2 + 32
)
uU + β
(
9β2 + 20
)
(U2 − u2)] u3U3,
s5 =
i
64
[
2
(
343β4 + 2024β2 + 480
)
u2U2 − 11β2 (β2 + 2) (u4 + U4)
−6iβ (147β2 + 100)uU (U2 − u2)]u3U3.
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4. GRAVITY GRADIENT
The perturbation approach based on the main problem of SAM rotation is also feasible for motion
under external torques. In the particular case of gravity-gradient perturbations due to a distant body,
the majority of perturbation terms are factored by sin J or sin2 J (see [13], for instance). Besides, typical
values of the gravity-gradient perturbation for solar system bodies are small when compared with the
torque-free rotation, say below 10−6. Therefore, in those cases in which the inclination angle J is small,
terms O(sin 1
2
J) can be neglected.
Then, if one makes the simplifying assumption that the disturbing body moves with Keplerian mo-
tion, and takes its orbital plane as the inertial plane, the only relevant terms of the gravity-gradient
perturbation, in the new variables, are simply
D = −n
2
4
a3
r3
{(
C − A+B
2
)(
2− 3s2 + 3s2 cos 2ϑ) (20)
+
3
4
(B −A) [(1 − c)2 cos(2y − 2ϑ) + 2s2 cos 2y + (1 + c)2 cos(2y + 2ϑ)]},
where ϑ = λ − θ, r and θ are polar coordinates, a is orbit semimajor axis, n is orbital mean motion,
c ≡ cos i, s ≡ sin i, and i = arccos(Λ/M) is the inclination angle between the orbital plane and the
invariable plane.
Now, the full Lie derivative in Eq. (17) is involved in the solution of the homological equation. Note
that the first summand in the square brackets of Eq. (17) vanishes for terms of the form F (v, V, uU).
Hence, because Eq. (20) is made of terms of this type, and in view of the form of the second summand
in the square brackets of Eq. (17), which only includes a factor uU , the homological equation is easily
solved. Indeed, if we choose the new Hamiltonian term
〈D〉 = 1
2π
∫ 2pi
0
D dy = −n
2
4
a3
r3
(
C − A+B
2
)(
2− 3s2 + 3s2 cos 2ϑ) ,
and assume that there is no coupling with the previous terms of the perturbation theory, a particular
solution of the homological equation for the order n corresponding to this term, is
Sn = −n
2
4
a3
r3
3
4
(B −A) 3
16
C
√
γ
iγ3/2uU − V ×[
(1− c)2 sin(2y − 2ϑ) + 2s2 sin 2y + (1 + c)2 sin(2y + 2ϑ)] .
5. CONCLUSIONS
Short-axis mode rotation of a free rigid body is naturally decomposed into a main problem and a
perturbation, a fact that leads to the straightforward integration of the rotation by perturbation series.
When using non-singular variables of the Poincare´ type, the main problem has the form of a harmonic
oscillator, whose frequency is related to the triaxiality of the rigid body, whereas the perturbation is
a quartic polynomial. Then, the use of complex variables makes the construction of the perturbation
solution trivial. The polynomial character of the perturbation does not persist, in general, when the
motion is affected by external torques. However, when the rotation is close to the axis of maximum
inertia, the gravity-gradient perturbation can also be approached in complex variables.
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